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Abstract 

Motivated by low energy consumption in geographic routing in wireless networks, there has been recent 
interest in determining bounds on the length of edges in the Delaunay graph of randomly distributed 
points. Asymptotic results are known for random networks in planar domains. In this paper, we obtain 
upper and lower bounds that hold with parametric probability in any dimension, for points distributed 
uniformly at random in domains with and without boundary. The results obtained are asymptotically 
tight for all relevant values of such probability and constant number of dimensions, and show that the 
overhead produced by boundary nodes in the plane holds also for higher dimensions. To our knowledge, 
this is the first comprehensive study on the lengths of long edges in Delaunay graphs. 

1 Introduction 

We study the length of a longest Delaunay edge for points randomly distributed in multidimensional Eu- 
clidean spaces. In particular, we consider the Delaunay graph for a set of n points distributed uniformly at 
random in a d-dimensional body of unit volume. It is known that the probability that uniformly distributed 
random points are not in general position is negligible and therefore it is safe to focus on generic sets of 
points [5], which we do throughout the paper. 

The motivation to study such settings comes from the Random Geometric Graph (RGG) model in which 
n nodes are distributed uniformly at random in a disk or, more generally, according to some specified 
density function on rf-dimensional Euclidean space |16) . The problem has attracted recent interest because 
of its applications in cnergy-cfhcicnt geometric routing and flooding in wireless sensor networks (see, e.g., 

tamjiiaiEi). 

Related Work. Kozma, Lotker, Sharir, and Stupp [IT] show that the asymptotic length of a longest 
Delaunay edge depends on the sum, a, of the distances to the boundary of its endpoints. More specifically, 
their bounds are 0(^/ (log ri)/n) if a < ((logn)/n) 2 / 3 , 0(y / (logn)/n) if a > yj (log n)/n, and O ( (log n)/(na)) 
otherwise. Kozma et al. also show, in the same setting, that the expected sum of the squares of all Delaunay 

"This research was partially supported by Spanish MICINN grant TIN2008-06735-C02-01, Comunidad de Madrid grant 
S2009TIC-1692, EU Marie Curie International Reintegration Grant IRG 210021, and the National Science Foundation (CCF- 
0937829, CCF-1018388). This work has been presented in [3], and an earlier version has been presented in [2], 

^Department of Applied Math and Statistics, Stony Brook University, USA. csther.arkin@stonybrook.edu 
j oscph.mitchcll@stonybrook.edu 

-tlnstitute IMDEA Networks, Spain. | antonioTf ernandcz@imdca.orgj 

§ Computer Science Department, Rutgers University, USA. mosteiro@cs.rutgcrs.edu 

IfLADyR, GSyC, Universidad Rey Juan Carlos, Spain. 

1 A set of d + 1 points in d-dimensional Euclidean space is said to be in general position if no hyperplane contains all of 
them. We say that such a set is generic, or degenerate otherwise. 



edge lengths is 0(1). In [3] the authors consider the Delaunay triangulation of an infinite random (Poisson) 
point set in d dimensional space. In particular, they study different properties of the subset of those Delaunay 
edges completely included in a cube [0,n 1/d ] x •• • x [0,n 1/d ]- For the maximum length of a Delaunay edge 
in this setting, they observe that in expectation is in 0(log 1 ^ d n). 

The lengths of longest edges in geometric graphs induced by random point sets has also been studied for 
graphs related to the Delaunay, including Gabriel graphs [T5] and relative neighborhood (RNG) graphs jTTJ 
H9] . In particular, Wan and Yi [18] show that for n points uniformly distributed in a unit-area disk, the 
ratio of the length of a longest Gabriel edge to y/ (lnn)/(7m) is asymptotically almost surely equal to 2, and 
the expected number of "long" Gabriel edges, of length at least 2^/(lnn + £)/(7rn), is asymptotically almost 
surely equal to 2e - ^, for any fixed £. In [5], while studying the maximum degree of Gabriel and Yao graphs, 
the authors observe that the probability that the maximum edge length is greater than 3y / (logn)/n tends 
to zero, bound that they claim becomes 0(((logn)/n) 1//d ) for d dimensions. An overview of related problems 
can be found in pQ. 

Interest in bounding the length of a longest Delaunay edge in two-dimensional spaces has grown out of 
extensive algorithmic work (6j EJ [10] aimed at reducing the energy consumption of geographically routing 
messages in Radio Networks. Multidimensional Delaunay graphs are well studied in computational geometry 
from the point of view of efficient algorithms to construct them (see [8] and references therein), but only 
limited results are known regarding probabilistic analysis of Delaunay graphs in higher dimensions |14j . 

Overview of Our Results. Wc study the probabilistic length of longest Delaunay edges for points dis- 
tributed in geometric domains in two and more dimensions. Since the length of the longest Delaunay edge 
is strongly influenced by the boundary of the enclosing region, we study the problem for two cases, which 
we call with boundary and without boundary. 

Our results include upper and lower bounds for c?-dimensional bodies with and without boundaries, that 
hold for a parametric error probability e and are computed up to the constant factors (they are tight only 
asymptotically). In comparison, the upper bounds presented in |11) are only asymptotic, are restricted to 
two dimensions (d = 2), and apply to domains with boundary (disks), although results without boundary 
are implicitly given, since the results are parametric in the distance to the boundary. 

Lower bounds without boundary and all upper bounds apply for any d > 1. Lower bounds with boundary 
are shown for d £ {2,3}. The results shown are asymptotically tight for e~ cn < e < n~~ c , for any constant 
c > 0, and d £ 0(1). To the best of our knowledge, this is the first comprehensive study of this problem. 
The results obtained are summarized in Table [T] In order to compare upper and lower bounds for bodies 
with boundary, it is crucial to notice that wc bound the volume of a circular segment (2D) and the volume of 
an spherical cap (3D), which can be approximated by polynomials of third and fourth degree respectively on 
the diameter of the base. Upper bounds arc proved exploiting the fact that, thanks to the uniform density, 
it is very unlikely that a "large" volume is void of points. Lower bounds, on the other hand, are proved by 
showing that a configuration that yields a Delaunay edge of a certain length is not very unlikely. 

In the following section, some necessary notation is introduced. Upper and lower bounds for enclosing 
bodies without boundaries are shown in Section [3] and the case with boundaries is covered in Section [4] We 
conclude with some open problems. 

2 Preliminaries 

The following notation will be used throughout. We will restrict attention to Euclidean (L2) spaces. A 
d-sphere, S = S r>c , of radius r is the set of all points in a (d + l)-dimensional space that are located at 
distance r (the radius) from a given point c (the center). A d-ball, B = B r c , of radius r is the set of all 
points in a <i-dimcnsional space that arc located at distance at most r (the radius) from a given point c (the 
center). The area of a d-sphcre S (in (d + l)-space) is its d-dimcnsional volume. The volume of a c?-ball 
B (in d-space) is its d-dimcnsional volume. We refer to a unit sphere as a sphere of area 1 and a unit ball 
as a ball of volume 1. (This is in contrast with some definitions of a "unit" ball/sphere as a unit-radius 
ball/sphere; we find it convenient to standardize the volume/area to be 1 in all dimensions.) 
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Upper Bound: 

w.p. > 1 - e, $ ab e D(P) 



Lower Bound: 

w.p. > e, 3 ab G D{P) 



Without 
boundary 



A d (S(a,b)) > n _ d _ 1 — '- 



,i h\ > KCO/f) 

<5(a,6) > \_2 



Aj(*(0,6)) > n -2+ln((e-l)/(e^)) 

HI U\ ^ ln((e-l)/(e 2 e)) 
d ( a ,°) dL n-2+ln((e-l)/(e2e)) 



co B -^l- 31 °((') ( 7 3)/ ') 

*M)> * ^ 



£(a,6) > 



/ 3 i.((.-i)/ ( .»«)) 

1 - n -2 + l„((e_l)/(^ e) ) 



With 
boundary 



d(a,6) > 



/ 16 ln ((2)(™ 


-=»A) 
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96 ln ((2)(' 


^ 2 )A) 


7T 3 / 2 71- 


-4 



d(a,b)>p 2 /2:V 2 (p 2 ) = (m _*&g> /e)) 

=^ - \/ 2V^(™" ( 2+ln ) (S7I)y 

d(a,6)>p3/2:U 3 (p 3 )^(^f^ 
d( ,&)>^ (m _aSff /e)) 



Table 1: Summary of results. 012,03 are constants. 



Let P be a set of points on a d-spherc, S. Given two points a,b £ P, let ab be the arc of a great circle 
between them. Let 5(a, b) be the length of the arc ab, which is also known as the orthodromic distance between 
a and b on the sphere S. Let the orthodromic diameter of a subset X C S be the greatest orthodromic 
distance between a pair of points in X . A spherical cap on S is the set of all points at orthodromic distance 
at most r from some center point c € S. Let -Ad(x) be the area (d- volume) of a spherical cap of orthodromic 
diameter x, on a d-sphere of surface area 1. A ball cap of B is the intersection of a d-ball B with a closed 
halfspace, bounded by a hyperplane h, in d-space; the base of a ball cap is the (d — l)-ball that is the 
intersection of h with the ball B. Let Vd(x) be the d- volume of a ball cap of base diameter x, of a d- 
ball of volume 1. For any pair of points a, b, let d{a,b) be the Euclidean distance between a and 5, i.e. 

d(a, b) = 1 1 oo| 1 2 - Let D(P) be the Delaunay graph of a set of points P. 

The following definitions of a Delaunay graph, D(P), of a finite set P of points in d-dimensional bodies 
follow the standard definitions of Delaunay graphs (see, e.g., Theorem 9.6 in [5]). 

Definition 1. Let P be a generic set of points on a d-sphere S. 

(i) A set F C P of d + 1 points define the vertices of a Delaunay face of D{P) if and only if there is a 
d-dimensional spherical cap C C S such that F is contained in the boundary, dC , of C and no points 
of P lie in the interior of C (relative to the sphere S). 

(ii) Two points a, b € P form a Delaunay edge, an arc of D{P), if and only if there is a d-dimensional 
spherical cap C such that a,b € dC and no points of P lie in the interior of C (relative to the sphere 
S). 

Definition 2. Let P be a generic set of points in a d-ball B. 

(i) A set F C P of d + 1 points define the vertices of a Delaunay face of D(P) if and only if there is a 
d-ball B' such that F is contained in the boundary, dB', of B' and no points of P lie in the interior of 
B' . 
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(ii) Two points a,b £ P form a Delaunay edge, an arc of D{P), if and only if there is a d-ball B' such 
that a, b £ dB' and no points of P lie in the interior of B' . 

The following inequalities [15) are used throughout 

e -x/(i-x) < 1 _ x < £ -x^ for o < a; < l. (1) 

3 Enclosing Body without Boundary 

The following theorems show upper and lower bounds on the length of arcs in the Delaunay graph on a 
d-sphere. 

3.1 Upper Bound 

Theorem 1. Consider the Delaunay graph D{P) of a set Pofn>d+l>2 points distributed uniformly 
and independently at random in a unit d- sphere, S . Then, for < e < 1, the probability is at least 1 — e that 
there is no arc ab £ D(P), a,b £ P ' , such that 



In 



A d (6(a,b))> \_ d _ 1 ' ■ (*) 

Proof. Let E s be the event that "there exists an arc ab £ D(P), a,b £ P, with inequality (*) satisfied" Our 
goal is to prove that P{E £ ) < e. 

Let us consider a fixed pair of points, a,b £ P. We let E a ^ be the event that ab £ D(P). For any subset 
QcFof(f+l points containing a and b, let Cq denote the spherical cap through Q and let Fq denote the 
event that the interior of Cq contains no points of P (i.e., int{Cq) n P = 0). 

Thus, we can write E a _b = IJq Fq as the union, over all (( d "7) 2 _ 2 ) ~ G-i) surj sets Q C P with |Q| = d+1 
and a,b £ Q, of the events Fq. Then, by the union bound, we know that P(E a j,) < J2q P(Fq)- Further, in 
order for event Fq to occur, all points of P except the d+1 points of Q must lie outside the spherical cap 
Cq through Q; thus, P(Fq) = (1 - Md(CQ))™~^ d+1 ' , where //^(Cq) denotes the d-volumc of Cq. 

We see that P(Fq) < (1 — A d (S(a, b))) n ~( d+1 ' ) , since, for any subset Q D {a, b}, the <i-volume ^(Cq) is 
at least as large as the d-volume, Ad(5(a, 6)), of the spherical cap having orthodromic diameter S(a,b). (In 
other words, Ad{5{a, b)) is the d- volume of the smallest volume spherical cap whose boundary passes through 
a and b.) 

Altogether, we get 

P(E a , b ) < J2 p(f q ) = £(i - ^(c Q )) n - {d+1) 

Q Q 

/n -^j(l-A d (S(a,bW- {d+1) - 



< 



d- 



Now, the event of interest is 

E e = E a j,. 

a.beP:(*) holds 

The inequality (*) is equivalent to 



(n - d - l)A d (5(a, &)) > In ( (fj ^ _ fj /e) , 



which is equivalent to 



-A dW aM)) (n - d - 1) < 



4 



Since, by Inequality [TJ e x > 1 — x, the above inequality implies that 



{l-A d {5{a,b))f M) < 



e 



which implies that 



(;)(;: 0(i-^(M»)^< 



Using the union bound, we get 

\a,beP:(*) holds / a,6GP:(*) holds 

Since each term P(E a ^) in the above summation is bounded above by (jZi)(1 — Ad(5(a, b))) n ~( d+1 \ and 
there are at most (™) terms in the summation, we get 

P(E E ) < J2 P ( E -'b) 

a,beP:(*) holds 



< 



n\ n 
2 [d 



□ 



The following corollaries for d = 1 and d = 2 can be obtained from Theorem [T] using the corresponding 
surface areas. 

Corollary 1. In the Delaunay graph D(P) of a set P of ' n > 2 points distributed uniformly and independently 
at random on a unit circle (1-sphere), with probability at least 1 — e, for < e < 1, there is no arc ab 6 D(P), 
a,b G P, such that 

Corollary 2. In the Delaunay graph D(P) of a set Pofn>3 points distributed uniformly and independently 
at random on a unit sphere (2-sphere), with probability at least 1—e, for < e < 1, there is no arc ab G D{P), 
a,b G P, such that 

* M )> -L co 5 -fi- 21 ° (G) "- 2)/r) V 



Proof. The surface area of a spherical cap of a 2-sphere is 2irRh, where R is the radius of the sphere and 
h is the height of the cap. For a unit 2-sphere is R = l/(2y/ir). Then, the perimeter of a great circle is 
27r/(2y / 7r) = i/ir. Thus, the central angle of a cap whose orthodromic diameter is p is 27rp/y / 7r = 2^pnp. Let 
the angle between the line segment ab and the radius of the sphere be a. Then, 

tt/2 - y/^p if p < VtF/2 
^p - tt/2 if p > 

And the height of the cap is h = 1/(200 _ 1 /(' 2 V^) shi(tt/2 - y^rp) = (1 -cos(^p))/(2^/tt). Therefore, 
the surface area of a spherical cap of a 2-sphere whose orthodromic diameter is p is (1 — cos(y / 7rp))/2. 
Replacing in Theorem [IJ the claim follows. □ 
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3.2 Lower Bound 



Theorem 2. In the Delaunay graph D(P) of a set P of ' n > 2 points distributed uniformly and independently 
at random in a unit d-sphere, with probability at least e, there is an arc ab G D{P), a, b G P, such that 
A d (8(a,b)) > A d (pi), where 

ln((e-l)/( e 2 e)) 
d{P1) n-2 + ln((e- l)/(e 2 e))' 
for any < e < 1 such that A d (2pi) < 1 — l/(n — 1). 

Proof. In order to prove this claim, we consider a configuration given by a specific pair of points and a 
specific empty spherical cap circumscribing them, that would yield a Delaunay arc between those points. 
Then, we relate the probability of existence of such configuration to the distance between the points. Finally, 
we relate this quantity to the desired parametric probability. The details follow. 

For any pair of points a,b £ P, by Definition [TJ for the arc ab to be in D(P), there must exist a d- 
dimcnsional spherical cap C such that a and b are located on the boundary of the cap base and the cap 
surface of C is void of points from P. Wc compute the probability of such an event as follows. Let p 2 > pi 
be such that A d (2p2) — A d (2pi) = l/( n — -0- Consider any point a G P. The probability that some other 
point b is located so that p\ < 6 (a, b) < p2 is 1 — (1 — l/(n — 1))" > 1 — 1/e, by Inequality [TJ 

The spherical cap with orthodromic diameter S(a, b) is empty with probability (1 — A d (5(a, b))) n . To 
lower bound this probability we consider separately the spherical cap with orthodromic diameter pi and the 
remaining annulus of the spherical cap with orthodromic diameter S(a, b). The probability that the latter is 
empty is lower bounded by upper bounding the area A d (S(a, b)) — A d {p{) < A d (2p 2 ) — A d (2p±) = l/(n — 1). 
Then, (1 - l/(ri - l))' l ~ 2 > 1/e, by Inequality ED 

Finally, the probability that the spherical cap with orthodromic diameter pi is empty is, by Inequality Q] 

A d ( Pl )(n~2y 



1 - Mpi 

e - 1 



(1 - A d ( Pl )) n - 2 > cxp 



= exp ^— In 
Therefore, 

/- , ,\ ( 1\ 1 e 2 e 
Pr (ab G D(P)) > 1 - 



e J e e — 1 

□ 

The following corollaries for d = 1 and d = 2 can be obtained from Theorem [2] using the corresponding 
surface areas. 

Corollary 3. In the Delaunay graph D(P) of a set P of n > 2 points distributed uniformly and independently 
at random in a unit circle (1-sphere), with probability at least e, for any e 1 -"- 4 /" < e < 1, there is an arc 
ab G D(P), a, b G P, such that 

In ((e- 1) /(A)) 
0l °' > ~ n-2 + ln((e-l)/(e 2 £))- 
Corollary 4. In the Delaunay graph D{P) of a set P of n > 2 points distributed uniformly and independently 
at random in a unit sphere (2-sphere) , with probability at least e, for any e -™+ 2 v / "-i-i < e < 1, there is an 
arc ab G D(P), a, b G P, such that 

<rf n x 1 -if, 21n((e-l)/( e 2 e)) \ 

o(a, o > —= cos 1 ^ — , ,, „ ■ 

1 ' ~ ^ \ n-2 + ln((e-l)/(e 2 £)) J 

Proof. As shown in the proof of Corollary [2J the surface area of a spherical cap of a 2-sphere whose ortho- 
dromic diameter is p is (1 — cos(y / 7r / o))/2. Replacing in Theorem[2l the claim follows. □ 
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4 Enclosing Body with Boundary 

The following theorems show upper and lower bounds on the length of edges in the Delaunay graph in a 
d-ball. 



4.1 Upper Bound 

Theorem 3. In the Delaunay graph D{P) of a set Pofn>d + l>2 points distributed uniformly and 
independently at random in a unit d-ball 7 with probability at least 1 — s, for < e < I, there is no edge 
(a, b) S D(P), a, b G P, such that 

K(5)(TSA) 



V d (d{a,b)) > 



1 



Proof. In order to prove this claim, wc consider any one set of d + 1 points in P. Then, we relate the 
probability that the ball circumscribing the set is empty, to the distance separating the points. Finally, wc 
combine the probabilities for all possible pairs of points and sets and we relate this quantity to the desired 
parametric probability. The details follow. 

Consider any pair of points a,b £ P, and any set S C P of d + 1 points such that a,b £ S. Let B be the 
rf-dimcnsional ball circumscribing the set S, which is unique because the points are in general position. By 
Definition [l] if the interior of B is void of points, then ab £ D(P). 

Notice that B may be such that part of it is outside the unit ball but, given that points are distributed 
in the unit ball, no point is located outside of it. Then, in order to upper bound Pr((a,b) £ D(P)), we 
upper bound the probability that the interior of the intersection of B with the unit ball is empty. In order 
to do that, we lower bound the volume of such an intersection. For a given distance d(a, b) such volume is 
minimized when a and b are located on the surface of the unit ball, B has infinite radius, and the maximum 
distance between any pair of points in the intersection between the surface areas of B and the unit ball is 
d(a,b) (i.e., the distance is maximized when the intersection is a spherical cap of the unit ball with base 
diameter d(a,b)). Therefore, given that the points are distributed uniformly and independently at random, 
it is Pr((a, b) £ D{P)) < (1 - V d (d(a, b))) n ~ d -\ 

Given that there are (2) pairs of points, and QZi) se ^ s of d + 1 points including a given pair, using the 
union bound, we find a V d (d(a, b)) that yields a probability at most e of having some edge (a, b) £ D(P), by 
making 



n\ (n — 2 
2 J Id- 1 



(l~V d (d(a,b))) n - d - 1 <e. 



Then, given that a ^ b, it holds that Vd(d(a, b)) < 1. Then, using Inequality [lj it is enough that 

cxp (-V d (d(a, b))(n -d-l))<e/( Q (™ ~ f 

which is implied by 



V d {d(a,b)) > 



h((X:?)A 

n — d — 1 



□ 



The following corollaries for d = 2 and d = 3 can be obtained from Theorem [3] using the corresponding 
volumes. 
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Corollary 5. In the Delaunay graph D{P) of a set P of n > 3 points distributed uniformly and independently 
at random in a unit disk (2-ball), with probability at least 1 — e, for (X)(n — 2)e _v ^ ( -" _3 ^ 7r < e < 1, there is 
no edge (a, b) £ D(P), a,b £ P, such that 



d{a, b) > 



J 16 lnQn-2)/ £ ) 
V -v/tt n — 3 



Proof. Consider the intersection of the radius of the unit disk perpendicular to (a, b) with the circumference 
of the unit disk, call this point d. The area of the triangle Aabd is a strict lower bound on V2(d(a, b)). From 
Theorem [3l we have the condition 

V 2 (d(a,b))> ^ >' > . 

n — 6 

Thus, it is enough 



d(a,b) ( 1 J I d(a,b) 2 \ ln(( r 2 l )(n- 2)/e) 



2 \y/n Vtt 4 I ~ n-3 
Making p = d{a, b)y/n/2, we want 



^<>-. t| »-; /<| . ( 2 ) 

n — 3 



If d(a, b) < In ((") (n — 2) / e) /(n — 3), there is nothing to prove because 



20Fln(Q)(n-2)/ £ ) < ,/ 16 In ((?) (n - 2)/ £ ) 
n — 3 y \Fx(n — 3) 

for any e > (™) (n — 2) exp (-y/2(n-3)/n). Then, we can square both sides of Inequality [2] getting 

p4 > 2 l°(G)(»-2)/e) _ / ln(@(n-2)/ £ ) \ 

?i — 3 I n — 3 J ' 

which is implied by 

3^ >((5)(n-2)/ e ) 



P > 2tt- 



n — 3 

And replacing back p, the claim follows. □ 

Corollary 6. In the Delaunay graph D{P) of a set Pofn>4 points distributed uniformly and independently 

at random in a unit ball (3-ball), with probability at least 1 — e, for (™) (" 2 " 2 )e~ 2 ' n ~ 4 - ) A 3v ' : ^' ) < £ < 1, there is 
no edge (a, b) £ D(P), a,b £ P , such that 



d{a, b) > 



96 ln(Q)(V)/ £ ) 
n-3/2 n — 4 



Proof. Consider the intersection of the radius of the unit ball perpendicular to (a, b) with the surface of the 
unit ball, call this point d. The volume of the cone whose base is the disk whose diameter is (a, b) and its 
vertex is d is a strict lower bound on X r 2(d{a 1 b)). From Theorem[3j we have the condition 

WM))> h «3<'V>/.). 

n — 4 
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Thus, it is enough 



tt fd(a,b)\ 2 ( 1 ./l d(a,b)*\ ln(Q)("- 2 )/e) 



3\ 2 / V V7T Vtt 4 /- n-4 
Making p = d(a, b)y/n/2, we want 



y^^^MMffll (3) 



If d(a, 6) < J 12 In ((") (™" 2 ) / e) /{^{n - 4)), there is nothing to prove because 



/ l21n(Q)(V)/ £ ) J 96 ln(G)(- 2 )/ £ ) 
V 0F(n - 4) V tt 3 / 2 n-4 

for any e > (") ("j 2 ) ex P ( — 2(n — 4)/ (3\/7r)) . Then, we can square both sides of Inequality [31 getting 

f > ^MW/'l - f 3vV M(;)(V)A)V 

n — 4 \ n — 4 / 

which is implied by 

„. > 6 ^-(G)(V)A). 

n — 4 

And replacing back p, the claim follows. □ 
4.2 Lower Bound 

In this section we give lower bounds for d = 2 and d = 3. As in the case without boundary, we prove our lower 
bounds showing a configuration given by a specific pair of points and a specific empty body circumscribing 
them, that would yield a Delaunay edge between those points. Then, we relate the probability of existence 
of such configuration to the distance between the points and to the desired parametric probability. 

Theorem 4. For d = 2, given the Delaunay graph D(P) of a set P of n > 2 points distributed uniformly 
and independently at random in a unit d-ball, with probability at least e, there is an edge (a, b) G D(P), 
a, b G P , such that d(a, b) > pi/2, where 

T/ / \ ln (g/g) 

(n-2 + ln(a/ £ ))' 

where a = (1 — e _1 / 16 )(l — e _1 / 32 )e _1 , /or any < e < a/e 2 sitcft i/icd Ki(pi) < 1/2 — 1/n. Which implies 
that 



d(a, b) > 



ln (a/e) 



20F(n-2 + ln (a/e))' 



Proof. For any pair of points a, G P, by Definition [2] for the edge (a, 6) to be in D(P), there must exist 
a d-ball such that a and b are located in the surface area of the ball and the interior is void of points from 
P. We compute the probability of such event as follows. (Refer to Figure [TJ) Consider two spherical caps 
of the unit ball with concentric surface areas, call them Ti and T2, of diameters p\ as defined and P2 such 
that Vd{p2) = Vd{pi) + 1/n. Let T-2 — T\ be all space points in T2 that are not in T\ (i.e. the body defined 



by the difference of both spherical caps). Inside T2 — Ti (see Figure 1(a) ) consider two bodies B a and of 
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Figure 1: Illustration of Theorem 2J 



identical volumes such that for any pair of points a € B a and b € Bb the following holds: (i) the points a 
and b are separated a distance at least pi/2; (ii) there exists a spherical cap Y containing the points a and 
b in its base of diameter p such that Vd(p) < Vd(p2)- (See Figure 1(b) ) Such event implies the existence of 
an empty d-ball of infinite radius with a and b in its surface which proves the claim. In the following, we 
show that such event occurs with big enough probability. 

To bound the volume of B a (hence, Bb), we first bound the ratio p 2 /pi- Consider the inscribed polygons 
illustrated in Figure 1(c) It can be seen that the triangle £1X3X5 is located inside the pentagon X1X2X3X4X5 



which in turn is composed by the triangle X2X3X4 and the trapezoid X1X2X4X5. Then, 



(hi + h)p 2 pihi 



(pi +P2)h 



hip 2 < (hi + h)pi 



(4) 



Given that e < a/e 2 , we know that Vd(pi) > 2/n. Then, it holds that h<h\. Replacing in Equation @] 
we obtain p 2 < 2pi- 



Then, the volume of B a is (see Figure 1(d) I 



_L _ Elh - (— - - — — - Pl + — k + —h 

2n 4 V 2 4 / 2 ~ 2n 2 2 8 ' 

Using that the volume of the trapezoid X1X2X4X5 is (p 2 + pi)h/2 < 1/n, the right-hand side of the latter 
equation is at least pih/8 which, using that pi > P2/2, is at least p 2 hj\§ > l/(16n). 



Then, the probability that there is a point a e P located in B a is larger than 1 — (l — yg-) > 1 — e 



-1/16 
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by Inequality [Tj And the probability that there is another point b G P located in Bb is, for any n > 1, 

1 _ (l - _LV 1 > 1 _ e -(n-l)/(16n) > I _ e -l/32_ 

(The first inequality follows from Inequality [T]) It remains to be shown that T is void of points. The 
probability that T is empty is lower bounded by upper bounding the volume, i.e. taking Vd(p) < Vd(p 2 ) = 
V d (pi) + (V d ( P2 ) - V d {px)). For V d (p 2 ) - V d (pi) = 1/n, we have 

n-2 



fl-i) > e-t"" 2 ^"- 1 ) > 1/c 



(the first inequality follows from Inequality [T]) , and the probability that Ti is empty is 



Pr{{a,b) G D(P)) > 

1 ( V d ( Pl )(n~2) 
1 - "TTTk 1 - TTw - ex P 



Replacing, we get 



i/ie y ^ e i/32 J e * ^ 1 -y d ( Pl ) 

Which proves the first part of the claim. For the second part, we upper bound the area of the circular 
segment of chord p\ with the area of the rectangle circumscribing it. 



Vi{p\) < Pi 

Hence, 



--\-- Pl 

TtF V 7T 4 



^-I<^-F 2 ( P1 ). 

Given that pi / \pH > V 2 (pi ) , we can square both sides getting 



pi >4 )V 2 (pi) 



> 4-^Ly 2 (pi), because V 2 (pi) < pi/V™- 

\/7T 



Then we get pi/2 > y/V 2 (pi) / (2-^/tt) and replacing V2(pi) the claim follows. □ 

Theorem 5. For d = 3, given the Delaunay graph D(P) of a set P of n > 4 points distributed uniformly 
and independently at random in a unit d-ball, with probability at least e, there is an edge (a, b) G D(P). 
a, b G P , such that d(a, b) > pi/2, where 

w- ln(a/£) 



(n-2 + ln(a/£))' 



where a = (1 — e 1 ^ 6 )(1 — e 1 / 12 )e 12 , /or any < e < a/e swc/i i/ia£ Vd(pi) < 1/2 — 1/n. Which implies 
that 



d(a,b) > 



In (a/e) 



7T 4 (n-2 + ln(a/e))' 
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Figure 2: Illustration of Theorem [5j 



Proof. For any pair of points a, b <G P, by Definition [21 for the edge (a, b) to be in D(P), there must exist a 
d-ball such that a and b are located in the surface area of the ball and the interior is void of points from P. 
We compute the probability of such event as follows. (Refer to the two-dimensional projections of Figurc[5]) 

Consider two spherical caps of the unit ball with concentric surface areas, call them Ti and T2, of base 
diameters pi and p 2 , and heights hi and h 2 respectively. Let pi be such that V c i{p\) is as defined and let h 2 
be such that 7r(p 1 /2) 2 (/i 2 — h{) = 1/n. Let T 2 — Ti be all space points in T 2 that are not in Ti (i.e., the body 
defined by the difference of both spherical caps) . Consider the parallelepiped of sides p\ / \[2 x pi/^/2x h 2 — h\ 
inscribed in T 2 — Y\ (see Figure 2(a) ), call it II. 

Inside II, consider two bodies B a and of identical volumes such that for any pair of points a £ B a and 
b e Bb the following holds: (i) the points a and b are separated a distance at least pi/2; (ii) there exists an 
empty spherical cap V that contains the points a and b in its base of diameter p such that Vd (p) < Vd(p 2 ). 
(See Figure [2 (b)[ ) Such configuration implies the existence of an empty d-ball of infinite radius with a and 
b in its surface which proves the claim. In the following, we show that such configuration occurs with big 
enough probability. 
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To bound the volume of B a (hence, B\,), we first bound the ratio p 2 /pi- Consider the inscribed bodies 
whose projection is illustrated in Figure 2(c) It can be seen that the cone X1X3X5 is located inside the body 
composed by the cone X2X3X4 and the frustum X1X2X4&5. Then, 

h 2 n(p 2 /2) 2 < hMPim 2 , 7r(p 2 /2) 3 -7r( Pl /2) 3 „ ( » 
d " d + d( P2 /2- Pl /2) {k2 - hl) ' (5) 

which is implied by h\p 2 < h 2 p\. 

Given that e < ct/e, we know that Vd(pi) > 1/n. Then, given that Tr(pi/2) 2 (h 2 — hi) = l/n, it 
holds that h 2 < 2h\. Replacing in Equation [5] we obtain p 2 < 2p\. The base of the big triangle is 
p 2 j2 + pi/4, and the height is h. The base of the triangle to compute is /3i/(2y2) + Pi/4, and the height 
is h{p\/{2\/2) + pi/4)/(p 2 /2 + pi/4). The base of the small triangle to substract is pi/2, and the height is 
hpi/(2(p 2 /2 + pi/4)). Then, the trapezoid area is 

3 pi/(2V2) + pi/4 _ pi h pi 



p 2 /2 + Pl /A 4 2{p 2 /2 + Pl /A) 



2P2 + P1 V 2 \2v / 2 4/ 2 



Then, the volume of B a is at least 



3 1 1 n \ > i 



nV2n \2 \y/2 2 J J ~ 6n 

Then, the probability that there is a point a G P located in B a is larger than 1 — (l — > 1 — e -1 / 6 , 
by Inequality [TJ And the probability that there is another point b G P located in B^ is 

I _ (1 _ IX 1 > 1 _ e -(n-D/(6n) > 1 _ e -l/ia 

where the- last inequality holds for any n > 1, and the first inequality follows from Inequality |T| It remains 
to be shown that Y is void of points. The probability that T is empty is lower bounded by upper bounding 
the volume, i.e. taking Vd(p) < Vd{p 2 ) < Vd{2p\) + {Vd{p 2 ) - Vd(pi))- We know that Vd{p 2 ) - Vd(pi) < 
ir(p 2 /2) 2 h < n{pi) 2 h = 4/ra. Then, for V d (p 2 ) - Vd(pi), we have 

A \n-2 

1 - - ] > e -4(n-2)/(n-4) > ^12 for any „ > 4 

'V 

(the first inequality follows from Inequality [1]) , and the probability that Ti is empty is 
(1 - Vd( Pl )) n - 2 > exp (- ^ly^ ) > by Inequality!!] 



Replacing, we get 



e- 1 



Pr((o,6) G D{P)) > 

MA M 1 ( V d (pi)(n-2) 
■ exp ' 



1/6 y ^ e i/i2 y e i2 ^ ^ ! _ 
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Which proves the first part of the claim. For the second part, we upper bound the volume of the spherical 
cap of base diameter p\ with the volume of the cylinder circumscribing it. 




3 

4tt 



) 



2/3 




Hence 



( 7T 3 /~3~ 




2 



V 3 (pi). 



Given that irpf /4^/3/(4-7r) > V%(p{), we can square both sides getting 



g 




Then we get pi/2 > d y 7 '48 / 'it^V^pi) and replacing Vs(pi) the claim follows. 



□ 



5 Future Directions, Open Problems 

It would be interesting to extend this study to other norms, such as L\ or L^. Also, Theorems [4] and [5] were 
proved by showing that the existence of a configuration that yields a Delaunay edge of some length is not 
unlikely Different configurations were used for each, but a configuration that works for both cases exists 
(although yielding worse constants). We conjecture that (modulo some constant) the same bound can be 
obtained in general for any d > 1. Both questions are left for future work. 
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